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We shall furnish an asymptotic description of the spectrum of a C0-semigroup
generator arising in non-isothermal elongational ﬂow. It will be shown that the
spectrum coincides asymptotically with isolated eigenvalues lined up along a loga-
rithmic curve. The strategy for this result is based on delicate asymptotic estimates
and ideas developed for the isothermal regime. These estimates can be success-
fully employed only since the spectral mapping theorem is valid for the semigroup.
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1. INTRODUCTION
In melt-spinning (non-isothermal ﬁber spinning), a molten, polymeric
material is withdrawn from a capillary and stretched out by a roller or
1 To whom correspondence should be addressed. E-mail: hagen@ma.tum.de. Supported in
part by the European Commission through TMR Grant FMRX-CT98-0210.
2 E-mail: renardym@math.vt.edu. Supported by the National Science Foundation through
Grant DMS-9870220.
431
0022-247X/00 $35.00
Copyright © 2000 by Academic Press
All rights of reproduction in any form reserved.
432 hagen and renardy
spool to form a ﬁber while liquid. During the enforced elongation, the melt
is permanently cooled until the material reaches its solidiﬁcation temper-
ature and freezes. The extrusion velocity vE has to be smaller than the
wind-up velocity vS of the spool to ensure stretching. Both velocities are
positive.
Under the assumption of a slender, viscous ﬂuid jet, it is possible to
derive a one-dimensional ﬂow model from the axisymmetric Navier–Stokes
equations and the energy equation (cf. [8]). The resultant dimensional
equations read
att z +
(
at z vt z)
z
= 0 (1.1)(
at z vzt z
)
z
= 0 (1.2)
Ttt z + vt zTzt z +
αT t z√
at z = 0 (1.3)
To obtain this system, it is assumed that both viscous forces and heat con-
vection to the environment dominate. The independent variables are time
t and distance z of a jet cross section to the capillary at z = 0. The depen-
dent variables are the cross-sectional area a = at z, the cross-sectional
velocity v = vt z, and the cross-sectional temperature T = T t z. α is
a positive heat coefﬁcient. Equations (1.1)–(1.3) represent a mass balance,
momentum balance, and heat balance, resp. In this formulation, the frost
point is potentially moving along the ﬁlament and must therefore be found
as part of the solution. To overcome the analytical difﬁculties caused by
this moving boundary problem, it is advantageous to exchange the roles of
temperature T and distance z, thus rendering T an independent variable.
This approach was successfully employed in [4]. Hence the cross-sectional
area, velocity, and distance become functions of time t and temperature T ,
i.e., a = at T , v = vt T , z = zt T . Owing to these transformations,
one can cast the equations of non-isothermal forced elongation into the
dimensionless form
att T  =
aT t T √
at T  −
vT t T 
zT t T 
at T  (1.4)
∂
∂T
(
vT t T 
zT t T 
at T 
)
= 0 (1.5)
ztt T  =
zT t T √
at T  + vt T  (1.6)
A detailed derivation of this system from Eqs. (1.1)–(1.3) is given in [4, 5].
The draw ratio D and the draw number δ of the ﬂow are deﬁned by
D
def= vS
vE
 δ
def=
√
vS
vE
− 1 (1.7)
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Our assumptions on the ﬂow guarantee that
D > 1 δ > 0 (1.8)
The dimensionless boundary conditions of Eqs. (1.4)–(1.6) under steady-
state conditions read
at 1 = 1 (1.9)
zt 1 = 0 (1.10)
vt 1 = 1 (1.11)
vt 0 = D = δ+ 12 (1.12)
Here it is assumed that the dimensionless temperature corresponding to the
reference point z = 0 is T = 1, while solidiﬁcation occurs for T = 0. The
exact details of the nondimensionalization are given in [5]. An exhaustive
description of the industrially important melt-spinning process is furnished
in [1, 8].
Equations (1.4)–(1.6), (1.9)–(1.12) have the steady-state solution
a¯T  = δT + 1
2
δ+ 12  (1.13)
z¯T  = δ+ 1
δ
ln
δ+ 1
δT + 1  (1.14)
v¯T  = δ+ 1
2
δT + 12  (1.15)
Let us introduce inﬁnitesimal perturbations b = bt T , ζ = ζt T , and
φ = φt T  of a¯, z¯, and v¯, resp. As we linearize Eqs. (1.4)–(1.6) at steady
state, we obtain the system
btt T  =
δ+ 1
δT + 1 bT t T  −
δ δ+ 1
δT + 12 bt T  +
2 δ
δ+ 1
×
( δT + 13
2 δ δ+ 12 φT t T  −
δT + 1
δ+ 1 ζT t T 
− δ+ 1
2
δT + 12 bT t T 
)
 (1.16)
( δT + 13
2 δ δ+ 12 φT t T  −
δT + 1
δ+ 1 ζT t T  −
δ+ 12
δT + 12 bt T 
)
T
= 0
(1.17)
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ζtt T  =
δ+ 1
δT + 1 ζT t T 
+ δ+ 1
4
2 δT + 14 bt T  +φt T  (1.18)
bt 1 ≡ ζt 1 ≡ φt 1 ≡ φt 0 ≡ 0 (1.19)
In this paper, we shall discuss the spectral properties of the differential
operator given by the right-hand sides of Eqs. (1.16), (1.18), subject to
the constraints (1.17), (1.19). In a previous paper (cf. [5]), we proved the
following results:
(1) The linear differential operator generates a quasi-contraction
semigroup of bounded linear operators on a subspace of 	H10 1
2.
(2) The semigroup is eventually compact; i.e., for some t > 0 the
semigroup operators are compact.
(3) The semigroup is spectrally determined; i.e., the spectrum of the
semigroup generator completely determines the spectrum of the semigroup.
(4) The spectrum of the generator consists of at most a countably
inﬁnite number of isolated eigenvalues.
The present paper will give answers to two important questions that have
so far remained open:
(1) Is the number of eigenvalues of the semigroup and its generator
ﬁnite or inﬁnite?
(2) How can the numerical ﬁndings suggesting that the eigenvalues
of the differential operator are lined up on certain curves be explained?
In a preliminary study on isothermal ﬁber spinning, a strategy was outlined
on how to deal with an eigenvalue problem of a similar, but simpler nature
(cf. [3]). The study of the isothermal case is easier since the heat equa-
tion (1.3) is neglected and the frost point is considered as ﬁxed along the
ﬁber. As a result, the solution strategy for the isothermal case could be
developed with an eye towards applying similar ideas to the non-isothermal
case. This strategy consists of reducing the eigenvalue equations to a sin-
gle integral equation. Asymptotic techniques are then applied to derive an
asymptotically equivalent transcendental equation which can be solved at
leading order with standard techniques. The eventual compactness (imply-
ing the eventual norm continuity) of the semigroup proves to be of funda-
mental importance for this approach. The asymptotic results needed for a
satisfactory discussion will be quite delicate.
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2. THE EIGENVALUE EQUATION
Let us study the eigenvalue problem corresponding to the dynamical part
of Eqs. (1.16)–(1.19). The numerical resolution of this problem was given
in [5]. We want to determine all λ ∈  such that the eigenvalue problem
in λ
λbT  = δ+ 1
δT + 1 bT T  −
δ δ+ 1
δT + 12 bT  +
2 δ
δ+ 1
×
( δT + 13
2 δ δ+ 12 φT T  −
δT + 1
δ+ 1 ζT T 
− δ+ 1
2
δT + 12 bT T 
)
 (2.1)
( δT + 13
2 δ δ+ 12 φT T  −
δT + 1
δ+ 1 ζT T  −
δ+ 12
δT + 12 bT 
)
T
= 0 (2.2)
λ ζT  = δ+ 1
δT + 1 ζT T  +
δ+ 14
2 δT + 14 bT  +φT  (2.3)
b1 = ζ1 = φ1 = φ0 = 0 (2.4)
allows a nontrivial solution bφ ζ. To this end, let us deﬁne the quantity
γ by
γ
def= δT + 1
3
2 δ δ+ 12 φT T  −
δT + 1
δ+ 1 ζT T  −
δ+ 12
δT + 12 bT  (2.5)
According to Eq. (2.2), γ is a constant.
Lemma 2.1. Suppose γ = 0. Then for any λ ∈ , the unique solution of
Eqs. (2.1)–(2.4) is b ≡ φ ≡ ζ ≡ 0.
Proof. Since γ = 0 and b1 = 0, it follows immediately from Eq. (2.1)
by linearity that b ≡ 0. We also ﬁnd that ζT 1 = 0 by Eq. (2.3). By Eq. (2.2)
and our assumption on γ,
φT T  =
2 δ δ+ 1
δT + 12 ζT T  (2.6)
Differentiation of Eq. (2.3) yields therefore a linear, homogeneous, second
order ordinary differential equation in ζ. Since ζ1 = ζT 1 = 0, the claim
follows.
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We are only interested in nonzero solutions of Eqs. (2.1)–(2.4). There-
fore, we may assume γ = 0 and divide the variables b, φ, and ζ by γ. These
rescaled variables will be denoted by b, φ, and ζ as well. In this way, we
obtain the reduced system
bT T  =
(
λ
δT + 1
δ+ 1 +
δ
δT + 1
)
bT  − 2 δδ+ 12 δT + 1 (2.7)
ζT T  = λ
δT + 1
δ+ 1 ζT  −
δ+ 13
2 δT + 13 bT  −
δT + 1
δ+ 1 φT  (2.8)
−δT + 1
δ+ 1 ζT T  +
δT + 13
2 δ δ+ 12 φT T  −
δ+ 12
δT + 12 bT  = 1 (2.9)
b1 = ζ1 = φ1 = φ0 = 0 (2.10)
On differentiation of Eq. (2.8), we can eliminate the variable φ altogether
by combining Eqs. (2.8)–(2.10). In such a fashion, we are left with the
system
bT T =
(
λ
δT+1
δ+1 +
δ
δT+1
)
bT − 2δδ+12 δT+1 (2.11)
ζTT T =
(
λ
δT+1
δ+1 −
δ
δT+1
)
ζT T 
− δ+1
3
2δT+13 bT T −
2δδ+1
δT+12  (2.12)
b1=ζ1=ζT 1=0 (2.13)
The boundary condition ζT 1 = 0 is readily seen from Eq. (2.8). The only
condition we have not used so far is
φ0 = 0 (2.14)
According to Eq. (2.9), we have
φT T  =
2 δ δ+ 1
δT + 12 ζT T  +
2 δ δ + 14
δT + 15 bT  +
2 δ δ+ 12
δT + 13  (2.15)
Hence we can derive the eigenvalue relation∫ 1
0
φT T dT =
∫ 1
0
2 δ δ+ 1
δT + 12 ζT T 
+ 2 δ δ + 1
4
δT + 15 bT dT + δ+ 1
2 − 1 (2.16)
i.e., ∫ 1
0
δ+ 1
δT + 12 ζT T  +
δ+ 14
δT + 15 bT dT = −
δ+ 2
2
 (2.17)
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The solutions b and ζT of Eqs. (2.11)–(2.13) read in explicit terms
bT  = 2 δ δT + 1δ+ 12 exp
(
λ δT + 12
2 δ δ+ 1
) ∫ 1
T
exp
(
−λ δ θ+ 1
2
2 δ δ+ 1
)
dθ
(2.18)
ζT T =−λ exp
(
λ δT + 12
2 δ δ+ 1
) ∫ 1
T
exp
(
−λ δ θ+ 1
2
2 δ δ+ 1
)
dθ
+ λ
δT + 1 exp
(
λ δT + 12
2 δ δ+ 1
)
×
∫ 1
T
δ θ+ 1 exp
(
−λ δ θ+ 1
2
2 δ δ+ 1
)
dθ
+ δ δ+ 1δT + 12 exp
(
λ δT + 12
2 δ δ+ 1
)
×
∫ 1
T
exp
(
−λ δ θ+ 1
2
2 δ δ+ 1
)
dθ
(2.19)
Since it seems unlikely that Eqs. (2.17)–(2.19) allow exact solutions for λ,
we shall solve their asymptotic equivalents for λ of large modulus.
3. GENERAL ASYMPTOTIC RESULTS
In analogy to the isothermal case, let us introduce the following general-
ization of a sector in the complex plane (cf. [3]).
Deﬁnition 3.1. Let f  	0∞ → 	0∞ be a continuous, increasing,
unbounded function. Then the f -sector Sf is deﬁned by
Sf
def=λ ∈   Re λ ≤ −f Im λ (3.1)
Lemma 3.2. Given an f -sector Sf and numbers α, β such that −∞ <
α < β <∞, let the real function h belong to C1	αβ
 such that hβ = 0.
Moreover, let the real function ψ belong to C2	αβ
 such that ψ′ > 0 on
	αβ
. Then∫ β
α
hx e−λψx dx ∼ − 1
λ
hβ
ψ′β e
−λψβ as λ → ∞, λ ∈ Sf . (3.2)
Proof. By integration by parts, we ﬁnd∫ β
α
hx e−λψx dx = − 1
λ
hβ
ψ′β e
−λψβ + 1
λ
hα
ψ′α e
−λψα
+ 1
λ
∫ β
α
(
hx
ψ′x
)′
e−λψx dx (3.3)
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By Lebesgue dominated convergence,
∫ β
α
(
hx
ψ′x
)′
eλψβ−λψx dx→ 0 (3.4)
since the limit λ → ∞, λ ∈ Sf implies
Re λ→−∞ (3.5)
The second term on the right of Eq. (3.4) must also be subdominant
because of the strict monotonicity of ψ. Hence the claim follows.
Remark 3.3. The limit λ → ∞, λ ∈ Sf is tacitly understood as being a
uniform limit.
Theorem 3.4. Suppose that the assumptions of Lemma 3.2 hold. Assume
furthermore that the real function g belongs to C1	αβ
 such that gα = 0.
Then
∫ β
α
gz eλψz
∫ β
z
hx e−λψx dxdz − 1
λ
∫ β
α
gzhz
ψ′z dz
∼ 1
λ2
gαhβ
ψ′αψ′β e
λψα−ψβ as λ → ∞, λ ∈ Sf . (3.6)
Proof. We observe that
∫ β
α
gz eλψz
∫ β
z
hx e−λψx dxdz
= 1
λ
∫ β
α
gzhz
ψ′z dz −
1
λ
gα
ψ′α e
λψα
∫ β
α
hx e−λψx dx
+ 1
λ2
∫ β
α
(
gz
ψ′z
)′
eλψz
(
hβ
ψ′β e
−λψβ − hz
ψ′z e
−λψz
)
dz
− 1
λ2
∫ β
α
(
gz
ψ′z
)′
eλψz
∫ β
z
(
hx
ψ′x
)′
e−λψx dxdz
(3.7)
By Lemma 3.2, the second term on the right-hand side of Eq. (3.7) is
asymptotically equivalent to the term on the right of statement (3.6), while
the third and fourth term cannot enter the dominant balance. The latter
result follows readily from Lebesgue dominated convergence. Hence the
claim is proven.
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4. ASYMPTOTIC EIGENVALUE DISTRIBUTION
Lemma 4.1. Let b and ζT be given by (2.18) and (2.19). Then for every
f -sector Sf , ∫ 1
0
δ+ 1
δT + 12 ζT T  +
δ+ 14
δT + 15 bT dT
∼ δ δ+ 1
2
λ
exp
(
−λ δ+ 2
2 δ+ 1
)
(4.1)
as λ → ∞, λ ∈ Sf .
Proof. For the integral involving ζT , we have∫ 1
0
λ δ+ 1
δT + 13 exp
(
λ δT + 12
2 δ δ+ 1
)
×
∫ 1
T
δ θ+ 1 exp
(−λ δ θ+ 12
2 δ δ+ 1
)
dθ dT
−
∫ 1
0
δ+ 12
δT + 13 dT +
∫ 1
0
δ+ 12
δT + 13 dT
−
∫ 1
0
λ δ+ 1
δT + 12 exp
(
λ δT + 12
2 δ δ+ 1
)
×
∫ 1
T
exp
(−λ δ θ+ 12
2 δ δ+ 1
)
dθ dT
∼ δ+ 1
3
λ
exp
(
−λ δ+ 2
2 δ+ 1
)
− δ+ 1
2
λ
exp
(
−λ δ+ 2
2 δ+ 1
)
= δ δ+ 1
2
λ
exp
(
−λ δ+ 2
2 δ+ 1
)
(4.2)
as λ → ∞, λ ∈ Sf . This result follows from Theorem 3.4 when one notes
that the term added and subtracted in Eq. (4.2) (second line) corresponds
to the second term on the left of the asymptotic relation (3.6). As is readily
observed in (2.17)–(2.19) with the help of (3.6), the remaining terms in
the integral are all at most proportional to λ−1, λ−2 exp
(−λ δ+22 δ+1), or
combinations thereof. Since terms of this kind are subdominant, the claim
is proven.
Remark 4.2. (a) The crucial element in the proof of the preceding
lemma is the fact that, in order to apply Theorem 3.4, the term needed
in (4.2) is the same for the two double integrals on the left. Theorem 3.4
applies then to either double integral, yielding leading order terms that do
not cancel each other.
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(b) As is seen in the preceding proof, the dominant behavior of the
integral is given by the solution of the heat balance (1.6).
Theorem 4.3. The solutions of the eigenvalue relation (2.17) are given at
leading order by
− 2 δ+ 1
δ+ 2 ln
(
π + 4π k
2 δ δ+1
)
± i δ+1
δ+ 2 π+4π k k∈ k→∞
(4.3)
Proof. Due to the eventual compactness of the semigroup associated
to the linearized equations, all but ﬁnitely many eigenvalues have to lie
entirely within an f -sector Sf for some function f (cf. [6, 7]). Therefore,
according to Lemma 4.1 and Eq. (2.17), it sufﬁces to solve the asymptotic
equation
δ δ+ 12
λ
exp
(
−λ δ+ 2
2 δ+ 1
)
= −δ+ 2
2
as λ → ∞, λ ∈ Sf . (4.4)
To this end, let us split λ into its real and imaginary part by setting
λ = κ+ i µ κµ ∈  (4.5)
By taking absolute values in Eq. (4.4), we observe that, at leading order in
λ, the dominant balance becomes
µ = 2 δ δ+ 1
2
δ+ 2 exp
(
−κ δ+ 2
2 δ+ 1
)
 (4.6)
hence
κ = −2 δ+ 1
δ+ 2 ln
(
δ+ 2
2 δ δ+ 12 µ
)
 (4.7)
Therefore, as we take the imaginary parts in Eq. (4.4), we obtain at leading
order
µ = −µ sin
(
δ+ 2
2 δ+ 1 µ
)
 (4.8)
So we conclude that Eq. (4.4) is asymptotically satisﬁed by
µ = ±2 δ+ 1
δ+ 2
(
π
2
+ 2π k
)
 (4.9)
κ = −2 δ+ 1
δ+ 2 ln
(
1
δ δ+ 1
(
π
2
+ 2π k
))
(4.10)
as k ∈ , k→∞.
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Remark 4.4. The asymptotic eigenvalues in the isothermal and non-
isothermal case can be compared when expressed in terms of the draw
ratio D. For the non-isothermal ﬂow, (4.3) yields the eigenvalue sequence
− 2
√
D√
D+ 1 ln
(
1√
D √D− 1
(
π
2
+ 2π k
))
± i 2
√
D√
D+ 1
(
π
2
+ 2π k
)

(4.11)
while for the isothermal ﬂow, the corresponding sequence reads
− D lnD
D− 1 ln
(
1
D D− 1 2π k
2
)
± i D lnD
D− 1 2π k (4.12)
The latter result was shown in [3]. We observe that the isothermal eigenval-
ues spread out when the draw ratio increases. The eigenvalue curve ﬂattens.
In the non-isothermal case, however, the curve keeps its steep slope. The
eigenvalue spacing is far less affected. It is important to remark that the
eigenvalue curve in the isothermal regime is based entirely on asymptotic
results for a mass balance, similar to Eq. (1.1). The non-isothermal curve
was derived from the solution of the heat balance (1.6).
5. NUMERICAL EVIDENCE
To conclude our studies, let us compare previous numerical ﬁndings with
our asymptotic results. The computations are based on the well-known
Chebyshev collocation technique (cf. [2]). Details of the procedure for this
particular situation are given in [5]. Although it is certainly possible to
resolve the eigenvalue relation (2.17) directly, our approach is based on
Eqs. (2.1)–(2.4) before any modiﬁcations are perfomed.
Figure 1 displays the numerically determined eigenvalues and our asymp-
totic predictions for a draw number of δ = 1 (D = 4). Figure 2 illustrates
the same information for δ = 3 (D = 16). In our calculations, we have used
200 collocation points. For larger sections of the complex plane, spurious
eigenvalues start to appear.
In general, our asymptotic results show excellent aggreement with the
computational results for larger eigenvalues. Lower order corrections could
be calculated to approximate the eigenvalue curve displayed in Fig. 2.
Finally, we remark that Fig. 2 indicates the stabilizing effect of the perma-
nent cooling in the non-isothermal regime. Here we observe that the eigen-
values of small modulus deviate considerably from the asymptotic curve.
This observation is in stark contrast to the isothermal ﬂow, known for its
unstable behavior for certain draw ratios (cf. [1]). In the latter regime, we
ﬁnd that the eigenvalues of small modulus stay qualitatively close to the
predicted asymptotic curve, hence are more prone to cross into the right
half-plane (cf. [3]).
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FIG. 1. Numerical (◦) and asymptotic () values superimposed for δ = 1.
FIG. 2. Numerical (◦) and asymptotic () values superimposed for δ = 3.
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